This paper proposes a real-time collision avoidance algorithm for midair unmanned aerial vehicles (UAVs). The algorithm is developed based on the geometry of the closest-point-of-approach (CPA) and a collision detection/resolution scheme. To deal with multiple aircraft, the avoidance velocity of one's own aircraft is expressed in an explicit form, where the avoidance velocity is a component of the safety boundary. The safety boundary is projected on the domain of the flight path angles, and sampling points are chosen along the boundary. The domain of the flight path angles provides directions along which the aircraft can move without collisions, which can reduce the computational load for real-time applications. A collision avoidance solution is obtained by examining possible collision cases involving intruders. The singularity of the geometric approach is also analyzed, and an additional boundary for the singularity is adopted to prevent unexpected maneuvers. The validity of the algorithm is demonstrated through numerical simulations for the non-cooperative and multiple aircraft avoidance problems. Nomenclature : slope of conic surface C: rotation matrix (Euler transformation) c: cost of solution candidate 1: horizontal flight path angle (heading) d: distance f , g: linear functions : (vertical) flight path angle ": central angle of circular section P: path angle domain r: position vector r r: relative position vector R: safety radius S: solution set for collision avoidance t: time u: input vector V : velocity vector V V : relative velocity vector V: total velocity Subscripts 0: initial 1: aircraft 1 (own aircraft) 2: aircraft 2 (intruder) CPA: closest-point-of-approach LOS: line-of-sight p: path angle domain ref: reference s: solution for collision avoidance Trans. Japan Soc.
Introduction
Midair collision (MAC) is a critical issue in the air traffic management of civil aircraft. To guarantee safe flight, several practical rules have been established for flight, 1, 2) and systems such as the traffic collision avoidance system have also been developed. 3, 4) Due to these efforts, the risk of MAC for civil aircraft has decreased considerably. However, as unmanned aerial vehicles (UAVs) have attracted a lot of attention, the MAC problem among UAVs has been on the rise. To deal with this problem, several collision avoidance algorithms have been proposed. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] Collision avoidance has been widely studied in the field of robotics, and various methods have been developed for the collision avoidance of industrial robots as well as mobile robots. 5) Occasionally, the collision avoidance algorithm of a robot is combined with a path planning algorithm for a known or partially known environment to find a collision-free path. 5, 6) The path planning methods are divided into cell decomposition and roadmap methods. 5) The cell decomposition and roadmap methods are usually combined with graph search algorithms such as the Dijkstra algorithm or the A Ã algorithm to find the optimal path for a fixed environment. 5) However, if kinematic constraints such as the velocity limits of the robot are considered, these methods are not suitable. To resolve this problem, the rapidly-exploring random tree algorithm (RRT) has been proposed, 6) which is a sampling-based algorithm. Another sampling-based algorithm, the probabilistic roadmap, emphasizes efficiency rather than optimality by reducing the computational load. 5) Ó 2013 The Japan Society for Aeronautical and Space Sciences If the environment changes while the robot is moving, the pre-designed path obtained by the global path planning could be useless for collision avoidance. In this case, local collision avoidance is required. The local collision avoidance methods can be classified into two approaches: local path modification and direct avoidance. The D Ã algorithm, which is a kind of path modification, 5) has been developed based on the A Ã algorithm, but is specialized for path replanning in a dynamic environment. The direct avoidance approach is an instant collision avoidance method based on sensor measurements. When some obstacles are detected, the robot moves immediately to avoid colliding with them. Reactive collision avoidance is included in these kinds of direct collision avoidance approaches, which generate a steering command reactively according to the sensor measurements. Therefore, reactive collision avoidance is widely used to avoid moving obstacles in a dynamic environment.
Reactive collision avoidance methods have been applied for various problems. The collision can be detected through the collision cone approach 7) and velocity obstacle methods. 8) The vector field histogram 9) and nearness diagram 10) provide collision avoidance guidance commands for the robot by characterizing the regions. These reactive collision avoidance methods are effective for a dynamic environment.
Model predictive control (MPC) can also be implemented to avoid obstacles in a dynamic environment. 11) MPC solves the trajectory optimization problem repeatedly by adopting the receding horizon concept; however, a high-performance computer is required due to the computational load.
To deal with a dynamic environment, aircraft should be equipped with sensors that can detect threats and obstacles. Since threats can appear from any direction, a multiple sensor system might be required to measure the position and velocity of a moving obstacle. Based on this consideration, various research on collision avoidance has been performed for cooperative and/or non-cooperative aircraft, 12) and the studies are focused on collision detection and resolution for single or multiple threats. Collision detection can be performed using geometric approaches such as the collision cone, 7) velocity obstacle, 8) and closest-point-ofapproach (CPA). 13, 14) The geometric approaches are developed based on the constant-velocity assumption, and the performance can be regulated using a spherical boundary. However, most of geometric collision avoidance [15] [16] [17] [18] [19] has been developed to avoid single aircraft. Collision avoidance for multiple aircraft has also been studied by several researchers, 19, 20) but only two-dimensional collision avoidance or communication-based collision avoidance is considered.
In this study, three-dimensional collision avoidance for multiple aircraft is considered based on a geometric approach. The three-dimensional velocity vector of the aircraft for collision avoidance is expressed in an explicit form, and is transformed to a set of safety boundaries. Each safety boundary is projected on the domain of the finite path angles. For real-time applications, the boundary is sampled, and the sampled points are investigated using the collision criteria of the intruders. These procedures are performed reactively to deal with multiple moving intruders. Numerical simulations are performed to demonstrate the performance of the proposed collision avoidance algorithm for non-cooperative cases. Several complex cases including multiple threats and the singularity case are also dealt with in the simulations.
This paper is organized as follows. In section 2, a collision detection scheme based on the relative geometry is presented. In section 3, the algorithm is extended for multiple aircraft collision avoidance by proposing an explicit collision avoidance solution and projecting the solution onto a domain of the path angles. A method to track the avoidance flight path angles is considered in section 4. Section 5 shows the results of numerical simulations. Finally, concluding remarks are presented in section 6.
Relative Geometry-Based Collision Detection
To detect a collision with an intruder, a geometric approach called CPA is adopted. 15, 16) Using the position and velocity of the intruder, one's own aircraft predicts the future states of the two aircraft, namely itself and the intruder, via dynamic propagation using the current states. The closest point can be calculated using the obtained future states.
Let us assume that the current position and velocity of the aircraft (aircraft 1) are r 1 and V 1 , respectively, and the current position and velocity of the intruder (aircraft 2) are r 2 and V 2 , respectively. The relative position and velocity of aircraft 2 with respect to aircraft 1 are defined as follows.r rðtÞ , r 2 ðtÞ À r 1 ðtÞ ð 1Þ
The closest point between aircraft 1 and aircraft 2 satisfies the following condition.
The above condition is rewritten as follows.
In this study, to predict the position of CPA, the velocities of the aircraft and intruder are assumed to be constant. The constant-velocity assumption relieves the modeling complexity regarding the intruder's motion, and thenr rðtÞ and _ r rr rðtÞ are represented as follows.
r rðtÞ ¼r rðt 0 Þ þṼ V ðt 0 Þðt À t 0 Þ ð 5Þ
where t 0 ¼ 0 is the current time. Substituting Eqs. (5) and (6) into Eq. (4), the time of CPA is obtained as follows.
In addition, the positions of CPA of aircraft 1 and aircraft 2 are obtained as follows.
Let us set the current distance between the two aircraft as d ¼ kr rð0Þk. Then, the norm of the relative distance between the two aircraft at the time of CPA is obtained as follows.
Note that Eq. (10) provides the square of the closest distance, which is the miss distance in the MAC situation. To define the situation of the collision, a collision criterion related to a safety radius R is considered. If the miss distance is less than the safety radius R, it is declared that each aircraft is in the situation of a collision. This criterion is formulated as an inequality as follows. Figure 1 shows the relative geometry of aircraft 1 and aircraft 2. As shown in Fig. 1 , collision detection based on CPA is equivalent to velocity obstacle or collision cone approaches. 7, 8) In this study, the coordinates of the positions and the velocity vectors are represented on the north-eastdown (NED) frame.
When a collision is detected according to Eq. (11), aircraft 1 should steer to the other direction to avoid the collision. Thus, the collision avoidance algorithm can be described as a problem that finds V 1 fromṼ V ð0Þ such that d 2 À kṼ V ð0Þt CPA k 2 ! R 2 when a collision is detected. The collision detection of multiple aircraft can also be performed using Eq. (11), which will be described in detail in the subsequent section.
Collision Avoidance for Multiple Aircraft

Analytic solution for collision avoidance
In the problem of multiple aircraft collision avoidance, it is difficult to formulate the collision avoidance solution V 1 in Eq. (11) because the relative velocityṼ V is required to derive V 1 , butṼ V heavily depends on the velocity of each intruder. To deal with this problem, the safety boundary projection concept 21) as shown in Fig. 2 is adopted. Let us project a spherical boundary of aircraft 2 on the path of aircraft 1. Then, aircraft 1 can easily find the direction for collision avoidance. In order to do this, an explicit formulation of V 1 is required.
Using Eq. (7), we obtain
wherer r andṼ V are the relative position and velocity vectors at the current time. By substituting Eq. (12) into Eq. (11), the following inequality condition is obtained
where
withr r ¼ ðx x;ỹ y;z zÞ T , and d ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffif (13) is rewritten using V 1 and V 2 as follows.
Now, the safety boundary satisfies the following condition.
Note from Eq. (16) that the safety boundary has a surface of quadratic form. Points of the safety boundary can be candidate solutions for collision avoidance. To obtain V 1 analytically, let us consider the following constant velocity constraint.
The cross-sectional region between the quadratic surface, Eq. (16), and the sphere, Eq. (17), are candidates for the collision avoidance solution. Considering the relative positionr r in Eq. (14), Q could have various forms. As a result of this, it is not easy to obtain the safety boundary. To deal with this difficulty, a coordinate transformation, which is based on Euler's roll-pitchyaw rotation matrices, 22) with respect to the line-of-sight (LOS) angles of aircraft 2 is performed. Through the coordinate transformation, the relative position and velocity vectors with respect to the LOS angles are obtained as follows.
Then, Q becomes a diagonal matrix as follows.
Q ¼
Substituting Eqs. (19) and (20) into Eq. (16), we have
Let us define a constant variable as , ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
Then, Eq. (21) is rewritten as
Equation (23) represents a conic surface and is a slope of the conic surface. Then, the solutions are obtained as
Using Eq. (25) in the constraint Eq. (17), the following quadratic equation is obtained.
To obtain the real-value solution of h, the following condition should be satisfied.
Then, two solutions of Eq. (26) are obtained as follows.
Here, " 2 ½0; 2%Þ. By substituting hð"Þ into Eq. (25) and performing an inverse coordinate transformation, the velocity vector V 1 ð"Þ for collision avoidance can be obtained as follows.
Collision avoidance algorithm for multiple aircraft
Using V 1 ð"Þ obtained from Eq. (29), the corresponding flight path angles 1 s ð"Þ and s ð"Þ are also obtained as follows.
Here, V 1;x ð"Þ, V 1;y ð"Þ and V 1;z ð"Þ denote the velocity components with respect to the NED frame. Note from Eqs. (28)-(31) that the number of possible solutions is infinity because " has a continuous range. Therefore, several points of the safety boundary are selected through sampling, which can be performed as " j ¼ ðj À 1ÞÁ" for j ¼ 1; Á Á Á ; M ¼ 2%=ðð j À 1ÞÁ"Þ 2 N, where " denotes the central angle of the circular section of the conic surface. According to Eq. (24), " can affect the direction of the avoidance maneuver. For example, if Á" is 180 , then " has two solutions and their avoidance directions are right and left, respectively. On the other hand, if Á" is 90 , then " has four solutions, which additionally include the up and down directions. Now, a collision avoidance algorithm for multiple aircraft will be proposed by projecting the safety boundary onto a finite path angle domain as shown in Fig. 3 . Let us define the finite path angle domain as
where Á1 denotes the horizontal offset and Á denotes the vertical offset on the domain. The set of all safety boundaries for multiple intruders is defined as S ,
where N is the number of intruders, and M is the number of sampling points for the safety boundary of the i th intruder.
If collisions are detected, then the safety boundary encircles the current flight path angles ð1; Þ of aircraft 1. Therefore, the boundary can be regarded as the solutions for collision avoidance.
The singular case of collision detection must be considered. If V 1 ' V 2 , Eq. (16) cannot generate the boundary because all components of the relative velocity are zeros. This singularity could cause unexpected maneuvers of the aircraft when the intruder is approaching. Although the aircraft can escape this singularity by steering in an arbitrary direction, this kind of maneuver is not favorable because collision avoidance is not guaranteed. To deal with this singularity, an additional safety boundary is adopted. In the singular case, aircraft 1 is confined to the safe region as shown in Fig. 4 . In other words, aircraft 1 is prevented from flying in the direction of aircraft 2. To do this, a criterion of closeness is considered, and the singularity condition is activated when two aircraft are approaching each other to within the closeness criterion. Obviously, the closeness criterion should be set larger than the safety radius R. In this study, these singularity conditions are set as
where " is set to be 10% of the aircraft's velocity in this study. If the angle between V 1 and V 2 is less than 30 and the speed difference is less than ", each aircraft is aware of the singular situation. Then, each aircraft generates another form of the safety boundary as shown in Fig. 4 , which will be explained in detail.
To construct the boundary, let us consider a linear function group f ð1 s ; s Þ as shown in Fig. 4 . The equation f ð1 s ; s Þ ¼ 0, which has a slope m 1 ¼ tan , is a linear boundary as shown in Fig. 4 . If the LOS angle of the intruder is located in the region above the equation f ð1 s ; s Þ ¼ 0, this region should be avoided. Thus, the collision avoidance solution is generated on the line of the equation f ð1 s ; s Þ ¼ 0 for safety. However, there is a stagnation solution if only the equation f ð1 s ; s Þ ¼ 0 is used. Let us consider a case where the LOS angle of the intruder and the waypoint are located in the same direction, as shown in Fig. 5(a) . Then, the collision avoidance solution will be located on the origin, solution 1 in Fig. 5(a) . This solution, which is the stagnation solution, cannot resolve the singular situation because the aircraft maintains its flight path angles. To resolve this singular situation, another solution should be generated. In this study, a small perturbation angle " and two corresponding linear equations f þ ð1 s ; s Þ ¼ 0 and f À ð1 s ; s Þ ¼ 0 are added as shown in Fig. 5(a) . These two linear equations prevent the collision avoidance solution from converging to the stagnation solution by providing another solution, Fig. 5(a) . In summary, the safety boundaries are constructed using f þ ð1 s ; s Þ ¼ 0 and f À ð1 s ; s Þ ¼ 0, and the solution candidates are sampled by considering finite intervals Á1 or Á as shown in Fig. 4 . In addition, a function group gð s ; 1 s Þ as shown in Fig. 5(b) is considered for computational convenience. If slope m 1 goes to infinity, the value of the function f will increase and affect the boundary sampling algorithm. This problem can be solved by adopting an additional function group gð s ; 1 s Þ, which is the inverse function of f ð1 s ; s Þ. By adopting the inverse function, the steep-slope problem can be solved. Table 1 summarizes the linear equations and boundary generation conditions.
The obtained safety boundaries ð1 s ; s Þ are regarded as the solutions for collision avoidance. The state set S ði; jÞ for the i th intruder at the j th sampling point is constructed as
where c ði; jÞ is a cost value, which is set as the distance between the solution angles and reference flight path angles of waypoint as follows. 
The weighted cost is used to determine the direction of avoidance. Let us consider the case of two aircraft encountering each other. The horizontal direction of avoidance, right or left, can be decided depending on the priority. That is, the main direction of avoidance of the aircraft can be selected considering the priority. If the aircraft is deemed to have priority for one direction, then the intruder has priority regarding the other direction due to symmetry. The following weighted cost is considered in this study. 
In Eq. (37), is set as 0. Let us summarize the collision avoidance algorithm. The algorithm is used to find the safe flight path angles from the path angle domain. Further, intersection points in the multiple boundaries should be deleted. The collision avoidance algorithm is executed as follows. The collision criteria for the intruder are summarized in Table 2 . The procedures of collision detection and resolution are performed reactively.
Flight Path Angle Tracking
The solution for collision avoidance includes information on the velocity and the horizontal/vertical flight path angles, which can be used for generating the guidance command of Table 1 . Linear equations and boundary generation conditions. Slope condition jm 1 j 1 Table 2 . Collision criteria for the non-singular and singular cases.
Collision condition
Non-singular case
the UAV. Consider a NED coordinate as a navigation frame of the aircraft. The navigation equations can be described as follows.
_ r r ¼ ½V cos cos 1 V cos sin 1 ÀV sin T ð38Þ
Using the solution for collision avoidance as a reference velocity, V ref , the reference commands are derived as
Here, the subscripts ðx; y; zÞ denote the respective components of the vector V ref .
For tracking the path angles, the three-dimensional point mass model 23) is used as follows.
Here, T is the thrust, D is the drag, n is the load factor, g is the gravitational constant and 0 is the roll angle of the aircraft. For simplicity, the control input vector u is defined as follows. Here, each component denotes the non-dimensional force of each axis. Then, an affine model with respect to the input u can be obtained as follows.
Let us consider a Lyapunov candidate function L as follows.
Then, the control input can be designed as follows.
By substituting Eqs. (50)-(52) into the time derivative of Eq. (49), the time derivative of the Lyapunov candidate function is obtained as follows.
Since L > 0 and _ L L < 0 except for one condition where 24) In this study, the saturation of the control input is also considered to reflect the kinematic constraints of the aircraft as follows.
Numerical Simulations
To demonstrate the performance of the proposed collision avoidance algorithm, numerical simulations are performed. The parameters that are used for the simulations are summarized in Table 3 .
First, cases of three different waypoints are considered. In each case, UAV is supposed to head for its waypoint while avoiding two intruders. As shown in Figs. 6-8, intruder 1 moves in the northeast direction, and intruder 2 moves in the northerly direction, where the arrow-marks denote the initial headings of the respective aircraft. It is assumed the two intruders do not change their headings. According to the initial flight path angles ð1; Þ (plus mark) of the aircraft, collision with intruder 1 is detected. Intruder 2 is a potential collision threat because the headings of the aircraft and intruder 2 cause the singularity. Thus, the safety boundary of intruder 1 is constructed as a water-drop shape, and the safety boundary of intruder 2 is constructed as a hat shape, as shown in Figs. 6-8. In the figures, a dot mark denotes a safe point, and an Â mark denotes an unsafe point; these are determined by the collision criteria.
In case 1, the waypoint of the aircraft is located in the forward direction, as shown in Fig. 6 . Since the reference point ð1 ref ; ref Þ ( mark) in the path angle domain lies in the collision region, the solution point ð1 s ; s Þ (diamond mark) is generated on the bottom of the safety boundary. In case 2, the waypoint is located in the left-side direction as shown in Fig. 7 , and therefore the reference point ð1 ref ; ref Þ is placed outside the finite path angle domain. In this case, Table 3 . Parameters for the simulations.
Collision avoidance algorithm (period: 0.1 s)
Flight path angles tracking (period: 0.1 s)
the reference point is relocated to the left-side of the domain. The solution point ð1 s ; s Þ is the same as the reference point because the reference point is free from collisions. In case 3, the waypoint is located in the right-side direction, and therefore the reference point is located in the right-side of the domain. In this case, the reference point will be unsafe because of intruder 2. If the boundary of intruder 2 does not exist, the aircraft may perform uncertain maneuvers.
Additional consideration of the singularity should be included to prevent this situation. Thus, the solution is generated on the bottom of the domain. Figure 9 shows the corresponding results of collision avoidance. It can be seen that the aircraft descends to avoid either intruder 1 or 2. The minimum miss distance is 150.00 m in case 1, 185.62 m in case 2 and 150.00 m in case 3.
To evaluate the performance of the algorithm, the standard collision avoidance cases of two aircraft are considered. Figures 10 and 11 show the results regarding collision avoidance for two cases: head-on collision and broadside collision. Table 4 summarizes the results regarding the miss distance for seven types of encounters. The results show that the miss distance converges to the desired safety radius of 150 m. Now, let us consider the singular case. The singular problem may be resolved when the avoidance directions of the two aircraft are opposed. However, when the other aircraft does not perform the avoidance maneuver, it may yield an unexpected result. Figure 12 shows the simulation result in the singular case. The heading of the aircraft is %=4, and that of the intruder is 1:2%=4 with the same altitude. The initial distance between the two aircraft is approximately 1,600 m, which is over the sensing range of 1,000 m. As shown in Fig. 12 , it seems that the trajectory of the aircraft is dragged by the intruder because the intruder exactly crosses the path of the aircraft (singular case). In this case, the solution for reactive collision avoidance can oscillate, and cannot determine the direction. Additional singularity considerations can solve this problem by providing the direction for collision avoidance. Figure 13 shows the result of the proposed algorithm for the same simulation condition. It shows that the aircraft resolves the singularity by climbing. The miss distances in the two cases are 150. 16 and 150.00 m, respectively. Although collision avoidance is performed successfully, the flight distances in the two cases are quite different, namely 27,202.5 and 15,902.5 m, respectively. Note that the distance between the starting point and the goal waypoint is 15,890 m. The former case entails quite a long flight distance due to the singularity, but this is resolved by the proposed method.
To deal with the complicated case of multiple aircraft, a MAC situation involving eight aircraft is considered. The heading of each aircraft is set differently such that collisions will occur at the center when each aircraft does not perform collision avoidance. The simulation result is shown in Fig. 14, and the minimum miss distance is 149.9758 m. The result shows that each aircraft performs the collision avoidance maneuvers successfully.
Conclusions
This paper dealt with the collision avoidance problem of multiple UAVs in midair airspace. As a result of the dynamic environment, sensor-based collision detection was required. In this study, it was assumed that the positions and velocities of the intruders are measured through the sensor system of the UAVs. Collision detection was performed based on the CPA geometry. Using the position and velocity of each intruder, the closest point was estimated geometrically, and the estimated value was used to detect the collision between the aircraft and the intruder. A multiple collision avoidance algorithm, which is a kind of reactive The proposed algorithm includes an analytic approach for multiple aircraft collision avoidance. Safety boundary sampling and a finite path angle domain were considered to reduce the computational load and execute the algorithm reactively; therefore, real-time application is possible. In addition, solutions for the singularity case of the conventional geometric approach were proposed. The singularity can cause unexpected maneuvers of the aircraft, which is not favorable for multiple collisions avoidance. A constrained safety boundary considering the linear boundary was proposed to regulate the maneuver of the aircraft. The proposed algorithm can be operated in a decentralized manner. Thus, it is suitable for non-cooperative collision avoidance such as 'Sense-and-Avoid' for the UAV. Complex collision situations such as multiple aircraft also can be dealt with because the algorithm has low computational load. Numerical simulations show the effectiveness of the proposed algorithm. Whether the intruder is cooperative or not, the proposed algorithm provides the desired performance. The proposed method can be combined with other global pathplanning algorithms to provide effective MAC avoidance performance.
